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GR or Alternative Theories of Gravity

Compatible with all solar system tests!
Observational consequences: strong gravity?
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Neutron Stars GR

Neutron stars

What is the equation of state?
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Neutron Stars GR

Neutron stars

https://www3.mpifr-bonn.mpg.de/staff/pfreire/NS_masses.html
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Neutron stars
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Neutron Stars GR

Universal relations

Relations between neutron star properties, that are to a large extent
independent of the neutron star’s internal structure (EOS).

moment of interia I

quadrupole moment Q

Love number
...

quasi-normal modes: asteroseismology
no exact relations, but valid at the (few) percent level
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Neutron Stars GR

Universal relations

Yagi et al. 1302.4499, 1608.02582

I-Love relation: Ī = I/M3 , λ̄2 = λ2/M
5
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Neutron Stars GR

Universal relations

Yagi et al. 1302.4499, 1608.02582

Q-Love relation: Q̄ = −QM/J2 , λ̄2 = λ2/M
5
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Neutron Stars GR

Universal relations

Yagi et al. 1608.02582, 1312.4532

three hair relations: relativistic results

universal S̄3–M̄2 relation: ∼ 4% fit (solid), Newton (dashed)
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Neutron Stars GR

Universal relations

Blazquez-Salcedo et al. arXiv:1307.1063

quasi-normal modes: polar (parity even)
ω = ωR + iωI , frequency ωR, damping time τ = 1/ωI

universal ωRR–M/R relation
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ω = ωR + iωI , frequency ωR, damping time τ = 1/ωI
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Neutron Stars Beyond GR

Scalar-Tensor Theories

action: Jordan frame

S =
1

16πG∗

∫
d4x

√
−g̃

[
F (Φ)R̃ − Z(Φ)g̃µν∂µΦ∂νΦ− 2U(Φ)

]
+ Sm [Ψm; g̃µν ]

action: Einstein frame

S =
1

16πG∗

∫
d4x

√
−g [R− 2gµν∂µφ∂νφ− 4V (φ)] + Sm[Ψm; A2(φ)gµν ]

relations between the Jordan frame functions F (Φ) and U(Φ) and the Einstein
frame functions A(φ) and V (φ)

A(φ) = F−1/2(Φ) , 2V (φ) = U(Φ)F−2(Φ)
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Esposito-Farese (lecture)
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Doneva et al. 1309.0605

lnA(φ) = 1
2β0φ

2, β0 > −4.5
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Pani et al. 1405.4547, Yagi et al. 1608.02582

I–Q: slow rotation (2nd order, β0 = −4.5)

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 10 / 20



Neutron Stars Beyond GR

Scalar-Tensor Theories

Pani et al. 1405.4547, Yagi et al. 1608.02582

I–Love: slow rotation (2nd order, β0 = −4.5)
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Motahar et al. arXiv:1807.02598

axial (odd parity) quasi-normal modes: MωI–MωR (β0 = −4.5)
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Motahar et al. arXiv:1902.01277

V (φ) = 2m2
φ + λφ4 mφ ∼ 10−12 eV

axial (odd parity) quasi-normal modes: MωI–MωR (β0 = −6)
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Horndeski gravity

second-order field equations and one scalar field

S =

∫
d4x

√
−g

{
K(ϕ,X)−G3(ϕ,X)�ϕ

+G4(ϕ,X)R+G4,X(ϕ,X)
[
(�ϕ)2 − (∇µ∇νϕ)(∇µ∇νϕ)

]
+G5(ϕ,X)Gµν∇µ∇νϕ− G5,X(ϕ,X)

6

[
(�ϕ)3 − 3�ϕ(∇µ∇νϕ)(∇µ∇νϕ)

+ 2(∇µ∇νϕ)(∇µ∇σϕ)(∇ν∇σϕ)
]}

,

K and Gi’s (i = 1 . . . 5):
functions of the scalar field ϕ and of its kinetic term X = −1/2∂µϕ∂µϕ

Gi,X :
derivatives of Gi with respect to X
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Charmousis et al. 1106.2000, 1112.4866
subsector: Fab Four

special cases of Horndeski gravity
general relativity (“George”)
Einstein-dilaton-Gauss-Bonnet gravity (“Ringo”)
theories with a nonminimal coupling with the Einstein tensor (“John”)
theories involving the double-dual of the Riemann tensor (“Paul”)
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Neutron Stars Beyond GR

Scalar-Tensor Theories

Blazquez-Salcedo et al. arXiv:1803.01655

“George” + “John” ϕ(r, t) = Qt+ F (r)

axial (odd parity) quasi-normal modes: ωRR–M/R
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Scalar-Tensor Theories

Blazquez-Salcedo et al. arXiv:1803.01655

“George” + “John” ϕ(r, t) = Qt+ F (r)

axial (odd parity) quasi-normal modes: ωIM–M/R
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Neutron Stars Beyond GR

Einstein-Gauss-Bonnet-Dilaton Theory

Action
S =

1

16π

∫
d4x

√
−g

[
R− 1

2
(∂µϕ)

2 +
α

4
e−γϕR2

GB

]

Gauss-Bonnet term: quadratic in the curvature

R2
GB = RµνρσR

µνρσ − 4RµνR
µν +R2

α Gauss-Bonnet coupling constant
γ dilaton coupling constant (γ = 1)

Bounds
observational bound: BH low-mass X-ray binaries:

√
α . 3.8× 105cm

theoretical lower bound on BH mass: α

M2
. 0.691
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Neutron Stars Beyond GR

Einstein-Gauss-Bonnet-Dilaton Theory

Kleihaus et al. 1601.05583 , Yagi et al. 1608.02582

Ī–Q̄: rapid rotation
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Neutron Stars Beyond GR

Einstein-Gauss-Bonnet-Dilaton Theory

Blazquez-Salcedo et al. arXiv:1511.03960

axial (odd parity) quasi-normal modes: MωI–M/R
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Neutron Stars Beyond GR

Chern-Simons Gravity

action
S =

1

16π

∫ √
−gd4x [R− 2∇µϕ∇µϕ− V (ϕ) + αCS ϕ

∗RR]

two cases
dynamical:
scalar true dynamical degree of freedom
dCS gravity
nondynamical:
scalar kinetic term absent

a spherically symmetric solution of GR is also a solution of dCS gravity
corrections in the presence of a parity-odd source such as rotation

bound: Gravity Probe B √
|αCS| < O(1013)cm
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Neutron Stars Beyond GR

Chern-Simons Gravity

Yagi et al. 1608.02582

Ī–Q̄: slow rotation
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Neutron Stars Beyond GR

Chern-Simons Gravity

Yagi et al. 1608.02582

Ī–λ̄2: slow rotation
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Black holes in GR
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Black Holes

Black holes in GR

A Kerr black hole has no hair

A Kerr black hole is fully characterized in terms of only two global
parameters: the mass M and the angular momentum J
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Black Holes

Black holes in GR

Geroch, J. Math. Phys. (1970); Hansen, J. Math. Phys. (1974);
Thorne, Rev. Mod. Phys. (1980)

Multipole moments Ml (g00) and Sl (g0ϕ)

All multiple moments can be expressed in terms of only two quantities

M0 = M S1 = J

Ml + iSl = M

(
i
J

M

)l

Quadrupole moment

M2 = Q = −J2

M
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Black Holes

Black holes in GR

Grenzebach et al. arXiv:1403.5234

angular momentum bound

j =
J

M2
≤ 1

< 1 non-extremal black
hole
= 1 extremal black hole
> 1 naked singularity

shadow
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Black Holes

EGBd black holes

Kanti et al. arXiv:hep-th/9511071, Torii et al. arXiv:gr-qc/9606034

critical black holes:
horizon expansion√

1− 6
α′2

r4h
e2ϕh

lower bound
on the horizon size

for fixed α′

lower bound on the mass
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Black Holes

EGBd black holes

Kleihaus et al. arXiv:1101.2868

horizon area versus angular momentum
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Black Holes

EGBd black holes

Kleihaus et al. arXiv:1101.2868

quadrupole moment versus angular momentum
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Black Holes

EGBd black holes

Cunha et al. arXiv:1701.00079

shadow

α/M2 = 0.172, J/M2 = 0.41
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Black Holes

EGBd black holes

Blazquez-Salcedo et al. arXiv:1609.01286
quasi-normal mode (axial l = 2) versus coupling constant
normalized to the Schwarzschild values

real part imaginary partζ =
α′

M2
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Black Holes

EGBd black holes

Blazquez-Salcedo et al. arXiv:1609.01286
quasi-normal mode (polar l = 2) versus coupling constant
normalized to the Schwarzschild values

real part imaginary partζ =
α′

M2
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Black Holes

EsGB black holes

Doneva et al. arXiv:1711.01187, Silva et al. arXiv:1711.02080, Antoniou et al.
arXiv:1711.03390
Curvature induced scalarized black holes
action

S =
1

16π

∫
d4x

√
−g

[
R− 2∇µφ∇µφ− V (φ) + λ2f(φ)R2

GB

]

coupling function

f(φ) =
1

12

(
1− e−6φ2

)
small φ

f(φ) =
1

2
φ2

sequence of radial excitations
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Black Holes

EsGB black holes

Blazquez-Salcedo et al. arXiv:1805.05755

solutions
Schwarzschild red
scalarized n = 0 orange
scalarized n > 0 ...

unstable modes

Schwarzschild red
scalarized n = 0 orange
scalarized n > 0 ...
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Black Holes

EsGB black holes

Cunha et al. arXiv:1904.09997

rotating EsGB black holes
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Black Holes

EsGB black holes

Cunha et al. arXiv:1904.09997

EsGB Kerr
M/λ = 0.237(j = 0.24)
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Conclusions

Conclusions

GR versus generalized gravity theories

neutron stars

properties
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Conclusions

Quasinormal Modes

Static Spherically Symmetric Backgrounds
Metric

ds2 = g(0)µν dx
µdxν = −F (r)dt2 +K(r)dr2 + r2(dθ2 + sin2 θ dφ2)

Scalar
ϕ = ϕ0(r).

Matter
Tµν = (ρ+ p)uµuν + pgµν

p = p0(r), ρ = ρ0(r), u = u(0) = ut∂t

u2 = −1

Equation of state
ρ = ρ(p)

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 21 / 20



Conclusions

Quasinormal Modes

Perturbations

Metric
gµν = g(0)µν (r) + ϵhµν(t, r, θ, φ)

Scalar
ϕ = ϕ0(r) + ϵδϕ(t, r, θ, φ)

Matter

p = p0(r) + ϵδp(t, r, θ, φ)

ρ = ρ0(r) + ϵδρ(t, r, θ, φ)

u = u(0) + ϵδu(t, r, θ, φ)

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 21 / 20



Conclusions

Quasinormal Modes

Axial modes: odd-parity perturbations

Ylm(θ, φ) → Ylm(π − θ, π + φ) = (−1)l+1Ylm(θ, φ)

Polar modes: even-parity perturbations

Ylm(θ, φ) → Ylm(π − θ, π + φ) = (−1)lYlm(θ, φ)

Eigenvalue ω
ω = ωR + iωI

Frequency: ωR

Decay time: τ = −1/ωI

Stable perturbations:
ωI < 0

Unstable perturbations:
ωI > 0

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 21 / 20



Conclusions

Quasinormal Modes

Axial channel
Metric

h(axial)
µν =

∫
dω

∑
l,m

e−iωt

×


0 0 −h0

1
sin θ

∂
∂φYlm h0 sin θ

∂
∂θYlm

0 0 −h1
1

sin θ
∂
∂φYlm h1 sin θ

∂
∂θYlm

−h0
1

sin θ
∂
∂φYlm −h1

1
sin θ

∂
∂φYlm h2

1
2 sin θXlm − 1

2h2 sin θWlm

h0 sin θ
∂
∂θYlm h1 sin θ

∂
∂θYlm − 1

2h2 sin θWlm − 1
2h2 sin θXlm


Xlm = 2

∂2

∂θ ∂φ
Ylm−2 cot θ

∂

∂φ
Ylm , Wlm =

∂2

∂θ2
Ylm−cot θ

∂

∂θ
Ylm− 1

sin2 θ

∂2

∂φ2
Ylm

Scalar, matter
δϕ = δρ = δp = δu(axial)

µ = 0
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Conclusions

Quasinormal Modes

Polar channel
Metric

h(polar)
µν =

∫
dω

∑
l,m

e−iωt

×


2NFYlm −H1Ylm −h0p

∂
∂θYlm −h0p

∂
∂φYlm

−H1Ylm −2KLYlm h1p
∂
∂θYlm h1p

∂
∂φYlm

−h0p
∂
∂θYlm h1p

∂
∂θYlm B −r2V Xlm

−h0p
∂
∂φYlm h1p

∂
∂φYlm −r2V Xlm A


A = (l(l + 1)V − 2T )r2 sin2 θ Ylm + r2V sin2 θWlm

B = (l(l + 1)V − 2T )r2Ylm − r2VWlm

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 21 / 20



Conclusions

Quasinormal Modes

Polar channel
Scalar

δϕ(polar) =

∫
dω

∑
l,m

e−iωtΦ1 Ylm

Matter

δρ(polar) =

∫
dω

∑
l,m

e−iωtρ1 Ylm

δp(polar) =

∫
dω

∑
l,m

e−iωtp1 Ylm

δuµ
(polar) =

∫
dω

∑
l,m

e−iωt

(
−N√
−F

Ylm,WfYlm, Vf
∂

∂θ
Ylm, Vf

∂

∂φ
Ylm

)
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Conclusions

Quasinormal Modes

Axial case: h0, h1

generalization of Regge-Wheeler equation

Polar case: H1, T, p1, Vf ,Φ1,
d
drΦ1

generalization of Zerilli equation
scalar-led modes
gravitational-led modes

Asymptotic behaviour: r → ∞

Ψ ∼ Aine
−iω(t+R∗) +Aoute

−iω(t−R∗)

R∗: generalized tortoise coordinate
Ringdown phase of black holes and neutron stars

Ain = 0 : radiation away from compact object

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 21 / 20



Conclusions

Quasinormal Modes

Calculation

Perturbative solutions: 1. boundary-rs1, 2. rs2-infinity
Numerical solutions: 1. rs1-r0, 2. r0-rs2
QNM frequency ω: matching at r0

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 21 / 20



Conclusions

Scalar-Tensor Theories

action: Jordan frame

S =
1

16πG∗

∫
d4x

√
−g̃

[
F (Φ)R̃ − Z(Φ)g̃µν∂µΦ∂νΦ− 2U(Φ)

]
+ Sm [Ψm; g̃µν ]

G∗: gravitational constant
R̃: Ricci scalar with respect to g̃µν

Φ: gravitational scalar field
Sm: matter action
Ψm: matter fields

Φ does not couple directly to Ψm: weak equivalence principle is satisfied

Jutta Kunz (Universität Oldenburg) Compact Objects... Tuzla, October 07-10, 2019 22 / 20



Conclusions

Scalar-Tensor Theories

transformation to Einstein frame(
dφ

dΦ

)2

=
3

4

(
d ln(F (Φ))

dΦ

)2

+
Z(Φ)

2F (Φ)

action: Einstein frame

S =
1

16πG∗

∫
d4x

√
−g [R− 2gµν∂µφ∂νφ− 4V (φ)] + Sm[Ψm; A2(φ)gµν ]

relations between the Jordan frame functions F (Φ) and U(Φ) and the Einstein
frame functions A(φ) and V (φ)

A(φ) = F−1/2(Φ) , 2V (φ) = U(Φ)F−2(Φ)
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Conclusions

Scalar-Tensor Theories

Brans–Dicke Theory

S =
1

16πG∗

∫
d4x

√
−g̃

[
ΦR̃ − ω(Φ)

Φ
g̃µν (∂µΦ) (∂νΦ)− 2U(Φ)

]
+ Sm[Ψm, g̃µν ]

relation between Jordan-frame and Einstein-frame quantites

Φ = A−2(φ) , 3 + 2ω(Φ) = α(φ)−2

α(φ) ≡ d(lnA(φ))/dφ

α(φ) = α0 =constant, i.e., ω(Φ) =constant
observational bound: ω > 40000 (Cassini-Huygens)

limit: ω → ∞ GR
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Conclusions

Scalar-Tensor Theories

Freire et al. 1205.1450

observational
constraints on STT
parameters

lnA(φ) = lnA(φ0)

+α0(φ− φ0)

+
1

2
β0(φ− φ0)

2

mφ = 0

LLR
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J1141–6545

B1534+12
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J1738+0333
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Conclusions

Quadratic Gravity

Curvature invariants
R2 , R2

µν , R2
µνρσ ,

∗RR

R2
µν ≡ RµνR

µν

Kretschmann scalar
R2

µνρσ ≡ RµνρσR
µνρσ

Pontryagin/Chern-Simons scalar

∗RR ≡ 1

2
Rµνρσϵ

νµλκRρσ
λκ

Levi-Civita tensor ϵµνρσ

Gauss-Bonnet scalar

R2
GB ≡ R2 − 4R2

µν +R2
µνρσ
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Conclusions

Einstein-Gauss-Bonnet-Dilaton Theory

String Theory

unification of all fundamental interactions
dimensional reduction to 4 spacetime dimensions:
low energy effective theories

additional fields
dilaton
axion
Maxwell fields
Yang-Mills fields
...

higher order curvature corrections
Gauss-Bonnet term
...

...
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Conclusions

Einstein-Gauss-Bonnet-Dilaton Theory

Action

S =
1

16π

∫
d4x

√
−g

[
R− 1

2
(∂µϕ)

2 +
α

4
e−γϕR2

GB

]

Gauss-Bonnet term: quadratic in the curvature

R2
GB = RµνρσR

µνρσ − 4RµνR
µν +R2

α Gauss-Bonnet coupling constant
γ dilaton coupling constant (γ = 1)

In 4 spacetime dimensions the coupling to the dilaton is needed.
The resulting set of equations of motion are of second order.
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Conclusions

Einstein-Gauss-Bonnet-Dilaton Theory

consequences
scalar “hair”: dilaton “hair”
negative energy density

bounds on α (γ = 1)
observational

Shapiro time delay √
α . 1013cm

BH low-mass X-ray binaries
√
α . 3.8× 105cm

theoretical/observational
lower bound on BH mass

α

M2
. 0.691
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Conclusions

Einstein-Gauss-Bonnet-Dilaton Theory

Pani et al. 1109.0928

static neutron stars with APR EoS: dependence on α and β

branches end
expansion around origin: square roots
reality condition: condition on αβ, maximum central density
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